Introduction
There are many kinds of noncommutative algebras appearing in noncommutative geometry, which are obtained from deforming certain commutative algebras. Artin-Schelter regular algebras [1] , which may be considered as noncommutative analogues of commutative polynomial rings, play an important role in noncommutative geometry and have been studied by many mathematicians. In order to study Artin-Schelter regular algebras of global dimension 4, James Zhang and Jun Zhang [20] defined a very useful concept 'double Ore extension' for constructing Artin-Schelter regular algebras. The double Ore extension may be considered as a generalization of an Ore extension [20, §1] . Lü, Wang and Zhuang proved in [14, Theorem 0.1] that the universal enveloping algebra of a Poisson polynomial extension over a Poisson algebra R is a double Ore extension of the universal enveloping algebra of R. Launois and Lecoutre proved that an Ore extension is a deformation of a Poisson polynomial extension in [13, Proposition 4.1] . It arises a question whether a double Ore extension is a deformation of a Poisson algebra or not. Here, we find a class of Poisson algebras such that their deformations are double Ore extensions. That is, a main aim of this article is to prove that algebras in a class of double Ore extensions defined by James Zhang and Jun Zhang [20] are deformations of certain Poisson algebras called double Poisson extensions and to characterize their Poisson structures.
Deformation theory in physics has been developed by many mathematicians, for instance, Kontsevich [12] . Poisson algebras induced from given algebras inherit algebraic properties from the given algebras. Bitoun [3] and Van den Bergh [5] studied algebraic properties of a filtered algebra by constructing a Poisson algebra induced from its filtration. Another method constructing Poisson algebras induced from given noncommutative algebras is to deform commutation relations of the given algebras. A secondary aim of this article is to give an algorithm to construct Poisson algebras induced from noncommutative algebras by deforming their commutation relations. In fact, we construct a class of Poisson algebras called double Poisson extensions induced from a class of double Ore extensions by deforming their commutation relations. As mentioned in [7, §1] , let h be a nonzero, nonunit, non-zero-divisor and central element of an algebra R such that R/hR is commutative. Then R/hR becomes a Poisson algebra with Poisson bracket (0.1) {a, b} = h −1 (ab − ba)
for all a = a + hR, b = b + hR ∈ R/hR. Following [4, Chapter III.5], the Poisson algebra R/hR is called a semiclassical limit of R and R is called a quantization of the Poisson algebra R/hR. By a deformation of R/hR, we mean any k-algebra of the form R/(h − λ)R, where 0 = λ ∈ k is such that the central element h − λ is a nonunit in R. Here, we construct a class of Poisson algebras such that double Ore extensions are their deformations. Let t be an indeterminate and let k be a field of characteristic zero. In the section 2, we consider a 5-tuple (Λ, F, R, A, t − 1), where Λ is a nonempty subset of k \ {0, 1}, F is a subring of the field k(t) containing k[t, t −1 ], t − 1 ∈ F, R is an F-algebra, A is a left double Ore extension of R, such that R and A have semiclassical limits R 1 := R/(t − 1)R and A 1 := A/(t − 1)A, respectively, that A λ , λ ∈ Λ, is a left double Ore extension of R λ and that R λ and A λ are deformations of R 1 and A 1 , respectively. (See Theorem 2.3.) [20] , which are Artin-Schelter regular algebras, are their deformations.
Assume throughout the article that k denotes a field of characteristic zero, that all vector spaces are over k and that all algebras have unity. A Poisson algebra is a commutative k-algebra A with a Poisson bracket, that is a bilinear product {−, −} : A × A → A such that A is a Lie algebra under {−, −} and, for all a ∈ A, the hamiltonian ham(a) := {a, −} is a derivation of A, which is called Leibniz rule.
Double Ore Extensions
Let us recall a left double Ore extension, shortly a left double extension, of an algebra R defined in [20, §1] . (In which it is called a right double extension.) Let F be a commutative k-algebra and let R be an F-algebra. An F-algebra A containing R as a subalgebra is said to be a left double extension of R if A is generated by R and two new variables y 1 , y 2 such that
• y 1 and y 2 satisfy a relation (1.1) y 2 y 1 = p 11 y 2 1 + p 12 y 1 y 2 + τ 1 y 1 + τ 2 y 2 + τ 0 , where P := {p 11 , p 12 } ⊂ F and τ := {τ 1 , τ 2 , τ 0 } ⊂ R, • As a left R-module, A is a free left R-module with a basis {y i 1 y
Hence there exist F-linear maps σ 11 , σ 12 , σ 21 , σ 22 , δ 1 , δ 2 from R into itself such that
for all a ∈ R. Set
Note that M 2×1 (A), M 2×2 (R) and M 2×1 (R) are both left and right R-modules and that (1.2) is expressed explicitly by ya = σ(a)y + δ(a) for all a ∈ R. In this case, we say that the left double extension A of R has a DE-data {P, σ, δ, τ }.
Semiclassical limits of double extensions
We begin with constructing a class of left double extensions A such that A has a semiclassical limit. The following assumptions are modifications of [15 Assumption 2.1. Let t be an indeterminate. We assume that a 5-tuple (Λ, F, R, A, t − 1) satisfies the following conditions (1)- (6):
(1) The first entry Λ is a nonempty subset of the set k \ {0, 1}.
(2) The second entry F is a subring of the ring of regular functions on Λ ∪ {1} containing
(3) The third entry R is a (possibly noncommutative) F-algebra.
The fourth entry A is a left double extension of R with two new variables y 1 , y 2 and DE-data {P, σ, δ, τ }, where (2.2)
for all a ∈ R.
(5) The fifth entry t − 1 is a nonzero, nonunit and non-zero-divisor of A such that the factor R 1 := R/(t − 1)R is commutative.
Note that t − 1 is a nonzero, nonunit and non-zero-divisor in R by (5). Thus the semiclassical limit R 1 is a Poisson algebra with Poisson bracket (0.1). (In which h is replaced by t − 1.) For each λ ∈ Λ ∪ {1}, (t − λ)R and (t − λ)A are ideals of R and A, respectively, since t − λ is a central element of R and A. Set
and denote by γ λ and γ A λ the canonical homomorphisms of k-algebras
(6) Note that A is a free left R-module with basis {y i 1 y j 2 |i, j ≥ 0} by (4) . Assume that, for each λ ∈ Λ ∪ {1}, A λ is a free left R λ -module with basis {γ A λ (y 1 ) i γ A λ (y 2 ) j |i, j ≥ 0}. For convenience, we will still write y 1 and y 2 for γ (
, the commutative polynomial ring as a ring.
Proof.
(1) Note that, for any f (t) ∈ F, f (λ) is a well-defined element of k by (2.1) and that f (t) may be written by
Then a = (t − λ)x for some x ∈ A and x is expressed uniquely as
It follows that a = (t − λ)b 00 ∈ (t − λ)R by Assumption 2.1(4). Hence (t − λ)A ∩ R = (t − λ)R and thus the canonical map
is injective. It follows that A λ contains R λ as a subalgebra and the restriction map of γ A λ to R is equal to γ λ .
(2) By Assumption 2.1(5), R 1 is commutative and A 1 contains R 1 as a subring by the above result (1) . Moreover, by (1.1), (1.2) and (2.2),
for all a ∈ R, where I(a) = a. Hence A 1 is commutative and thus A 1 is the commutative ring R 1 [y 1 , y 2 ] by Assumption 2.1(6).
Note that A 1 is a semiclassical limit of A by Assumption 2.1(5) and Lemma 2.2(2) and thus A 1 is a Poisson k-algebra. For convenience, we will write x for γ A 1 (x) = x + (t − 1)A ∈ A 1 and a for γ 1 (a) = a + (t − 1)R ∈ R 1 . Theorem 2.3. Assume that (Λ, F, R, A, t − 1) satisfies Assumption 2.1.
(1) For each λ ∈ Λ, the deformation A λ of A 1 is a left double extension of R λ with two variables y 1 , y 2 and a DE-data {P λ , σ λ , δ λ , τ λ }, where
is a Poisson k-algebra containing R 1 as a Poisson subalgebra with Poisson bracket (2.6)
for a ∈ R 1 , where
λ (i, j = 1, 2) are well-defined since σ ij , δ i are F-linear maps. The result follows by Assumption 2.1(4), (6) and Lemma 2.2(1).
(2) Note that q 11 , q 12 , w 1 , w 2 , w 0 , α ij and ν i (i, j = 1, 2) are well-defined by (2.2). The semiclassical limit A 1 of A contains R 1 as a Poisson subalgebra by Lemma 2.2(2) and it is checked clearly by (2.3), (2.4), (2.5) that the Poisson bracket of A 1 satisfies (2.6).
Recall the definition of Poisson module in [16, Definition 1] . Let S be a Poisson k-algebra. An S-module M is said to be a Poisson S-module if there exists a k-bilinear map S × M −→ M , (a, x) → {a, x}, satisfying the following conditions: for all a, b ∈ S and x ∈ M • M is a Lie module over the Lie algebra (S, {−, −}), • {a, b}x = {a, bx} − b{a, x}, • {ab, x} = a{b, x} + b{a, x}.
Retain the notations in Theorem 2.3. Since R 1 and
. It is understood that the right action {z, a} is to be −{a, z}, namely,
and set y :
for all a ∈ R 1 . Set q = {q 11 , q 12 }, w = {w 1 , w 2 , w 0 }, where q 11 , q 12 , w 1 , w 2 , w 0 are those given in (2.7). We will call {q, α, ν, w} a DE-data of
Lemma 2.4. Retain the above notations. Then, for any a, b
Proof. Note that {y, ab} = a{y, b} + b{y, a}. By (2.10), we have that
and {y, ab} = a{y, b} + b{y, a}
Hence (1), (2) follow by comparing the coefficients. Note, by (2.10), that
for all a, b ∈ R 1 . We have {y, {a, b}} = α({a, b})y + ν({a, b}) and {y, {a, b}} = {{y, a}, b} − {{y, b}, a}
by (2.10) and Jacobi identity of
Hence (3), (4) follow by comparing the coefficients. Let us summarize properties for the DE-data {q, α, ν, w} of
Proposition 2.6. The DE-data {q, α, ν, w} of A 1 = R 1 [y 1 , y 2 ] satisfies the following conditions (1)- (13).
( (2) . (2)- (5) It follows immediately from the fact that (2)- (5) is equivalent to Lemma 2.4(3). (6)- (7) It follows immediately from the fact that (6)- (7) is equivalent to Lemma 2.4(4). (8)- (13) These are proved from the fact that (8)- (13) 
Then R[y 1 , y 2 ] becomes a Poisson algebra with Poisson bracket {−, −} such that
{a, b} = {a, b} R , (a) α(ab) = aα(b) + bα(a).
(e) {y 2 , {y 1 , a}} + {y 1 , {a, y 2 }} + {a, {y 2 , y 1 }} = 0.
We will call the Poisson algebra R[y 1 , y 2 ] with Poisson bracket (2.11) a double Poisson Ore extension of R, shortly double Poisson extension, with variables y 1 , y 2 and a DE-data {q, α, ν, w}.
Proof. Note that (2.11) is equivalent to (2.12) and that (1)- (13) of Proposition 2.6 is equivalent to (a)-(e) by the proof of Proposition 2.6.
(⇒) Suppose that R[y 1 , y 2 ] is a Poisson algebra with the Poisson bracket (2.11). Then we obtain the conditions (1)- (13) of Proposition 2.6 in which R 1 is replaced by R.
(⇐) Suppose that the DE-data {q, α, ν, w} satisfies the conditions (1)- (13) Hence it is enough to show that {−, −} satisfies Jacobi identity. We see that the conditions (2)- (7) are equivalent to the condition {{a, b}, y i } + {{b, y i }, a} + {{y i , a}, b} = 0 for i = 1, 2 by Lemma 2.5 and that the conditions (8)- (13) are equivalent to the condition
by the proof of Proposition 2.6. For polynomials f, g, h ∈ R[y 1 , y 2 ], suppose that h = h 1 h 2 and that the triples (f, g, h 1 ) and (f, g, h 2 ) satisfy Jacobi identity. Then we have that
Therefore Jacobi identity for {−, −} holds by using induction on degrees of f, g, h.
Remark 2.8. In a double Poisson extension R[y 1 , y 2 ] with a DE-data {q, α, ν, w}, it is enough to consider only the cases {0, p}, {1, 0} and {0, 0} for q = {q 11 , q 12 }, where 0 = p ∈ k. In fact, as in the case of double Ore extension [20 
Then A can be presented by an iterated Poisson polynomial extension of the form
if and only if α 12 = 0 or α 21 = 0, q 11 = 0. In such cases, the following hold.
(
Proof. 
Since its left hand side is α 11 (a)y 1 + α 12 (a)y 2 + ν 1 (a) by (2.11), we have that α 12 = 0. Suppose that A is of the form
Then, for any a ∈ R, We will see in Example 4.6 that there exists a double Poisson extension that is not an iterated Poisson polynomial extension.
Proof. Note that A = R[y 1 , y 2 ] is a free R-module with basis {y i 1 y
for each a ∈ R.
• α 2 (y 1 ) = µ 12 y 1 + w 2 for some µ 12 ∈ k and w 2 ∈ R, • ν 2 (y 1 ) = µ 11 y 2 1 + w 1 y 1 + w 0 for some µ 11 ∈ k and w 1 , w 0 ∈ R. Then A is a double Poisson extension with variables y 1 , y 2 and a DE-data {q, α, ν, w}, where
, w = {w 1 , w 2 , w 0 } and ν 1 2 , ν 0 2 are given in (3.2).
Proof. Since A = R[y 1 , y 2 ] is a Poisson algebra with the Poisson bracket such that {a, b} = {a, b} R ,
for a, b ∈ R, the result is true by Theorem 2.7.
Examples
Here we give examples of double Poisson extensions. In particular, we construct double Poisson extensions which are semiclassical limits of the double Ore extensions in [20] .
Let us begin with constructing a double Poisson extension R[y 1 , y 2 ] of any Poisson algebra R.
Example 4.1. For any Poisson algebras A and B, note that A ⊗ k B is also a Poisson algebra with Poisson bracket
For any q 11 , q 12 , w 1 , w 2 , w 0 ∈ k, there exists a double Poisson extension k[y 1 , y 2 ] of k with DEdata {q = {q 11 , q 12 }, 0, 0, w = {w 1 , w 2 , w 0 }} since the DE-data {q, 0, 0, w} satisfies the conditions (a)-(e) of Theorem 2.7. Let R be any Poisson algebra. Recall the following well known formula.
Lemma 4.3. (Lagrange's Interpolation Formula) Let a 1 , . . . , a n be distinct elements of k. Then, for any c 1 , . . . , c n ∈ k, the polynomial
satisfies f (a k ) = c k for all k = 1, . . . , n.
Example 4.4. Let B be a connected graded left double extension generated by x, y 1 , y 2 with deg x = deg y 1 = deg y 2 = 1. Then B is a k-algebra generated by x, y 1 , y 2 subject to the relations
where µ i ∈ k, which is a connected graded Artin-Schelter regular algebra with global dimension 3 given in [20, Example 4.1] .
Fix an element λ ∈ k \ {0, 1} and set F = k[t, t −1 ]. For all i such that 1 ≤ i ≤ 11 except for 2, 6, 10, there exist f i ∈ F such that f i (λ) = µ i and f i (1) = 0 by Lagrange's Interpolation Formula. For i = 2, 6, 10, choose f i ∈ F such that f i (λ) = µ i and f i (1) = 1. Let A be an F-algebra generated by x, y 1 , y 2 subject to the relations
By Bergman's diamond lemma [2] , the set {x i y 
where f ′ i (1) is the formal derivative of f i at t = 1, and B ∼ = A/(t − λ)A is a deformation of A 1 by Theorem 2.3. The Poisson algebra A 1 is a double Poisson extension of k[x] with a DE-data {q, α, ν, w}, where
Proof. Define a k-linear map ν ′ by
Then ν ′ is a derivation on R since β, ν and {−, s} are derivations. Since (β, ν) satisfies (3. 
That is, B is the algebra generated by x, y 1 , y 2 subject to the relations
The corresponding F-algebra A is generated by x, y 1 , y 2 subject to the relations 
Let deg x = deg y 1 = deg y 2 = 1 and thus the degree of the monomial x i y j 1 y k 2 is i + j + k. Note that the set of all monomials together with the unity forms a k-basis of
We will show that A 1 is not an iterated Poisson polynomial extension over k[x] as its deformation B is not an iterated Ore extension by [20, Example 4.1] . Suppose that A 1 is an iterated Poisson polynomial extension over k [x] . Then
Expressing u and z by k-linear combinations of monomials, we may assume that
, where a ′ , a, b ′ , b ∈ k and u ′ , z ′ are k-linear combinations of monomials with degree ≥ 2. Since y 1 and y 2 are homogeneous elements with degree 1, we have that
where c, c ′ , d, d ′ ∈ k, and thus the matrix a ′ b ′ a b is invertible and u ′ = z ′ = 0.
. Computing {u, x} by using (4.2) and (4.3),
and thus
. By comparing the degree, one has b ′ = θa ′ , here θ = ±1. Hence u = a ′ (y 1 + θy 2 ). Now consider that {z, u} = β(u)z + ν(u) ∈ k[x, u]z + k[x, u]. On the other hand, computing by using (4.1), {z, u} = {ay 1 + by 2 , a ′ (y 1 + θy 2 )} = a
Again, this implies that there exists polynomials s(x, u), t(x, u) ∈ k[x, u] such that
By comparing the degree, a ′ (θa − b) = 0, i.e., a ′ b = ab ′ , which is a contradiction since the matrix a ′ b ′ a b is invertible. Hence A 1 is a double Poisson extension that is not an iterated Poisson polynomial extension as claimed.
Example 4.7. For 0 = q ∈ k, let T q be the k-algebra given in [11, Proposition 6.6] . That is, T q is a k-algebra generated by x, y, z subject to the relations yx = q Moreover, T q ∼ = T t /(t − q)T t is a deformation of T 1 by Theorem 2.3. Fix an element λ ∈ k \ {0, 1} and set F := k[t, t −1 ]. Let A be an F-algebra generated by x 1 , x 2 , y 1 , y 2 subject to relations x 2 x 1 = f 1 (t)x 1 x 2 y 2 y 1 = f 2 (t)y 1 y 2 y 1 x 1 = f 3 (t)x 1 y 1 + f 4 (t)x 2 y 1 + f 5 (t)x 1 y 2 y 1 x 2 = + f 6 (t)x 2 y 1 + f 7 (t)x 1 y 2 y 2 x 1 = + f 8 (t)x 2 y 1 + f 9 (t)x 1 y 2 y 2 x 2 = + f 10 (t)x 2 y 1 + f 11 (t)x 1 y 2 + f 12 (t)x 2 y 2 , where f i (t) ∈ F such that f 1 (λ) = −1, f 1 (1) = 1; f 2 (λ) = −1, f 2 (1) = 1;
